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Conformal and gauge invariant spin-2 field equations
C. S. O. Mayor, G. Otalora and J. G. Pereira
Instituto de F´ısica Teo´rica, UNESP-Univ Estadual Paulista
Caixa Postal 70532-2, 01156-970 Sa˜o Paulo, Brazil
Using an approach based on the Casimir operators of the de Sitter group, the conformal invariant
equations for a fundamental spin-2 field are obtained, and their consistency discussed. It is shown
that, only when the spin-2 field is interpreted as a 1-form assuming values in the Lie algebra
of the translation group, rather than a symmetric second-rank tensor, the field equation is both
conformal and gauge invariant.
1 Introduction
Considering that the light-cone is conformal invariant, the equation governing the dynamics
of a massless field — which lives in the light-cone — must also be conformal invariant [1].
A trivial example is the electromagnetic field, whose field equations are well-known to be
conformal invariant; the massless Dirac equation is another relevant example. The conformal
invariant equations for all other massless fields can only be obtained through the introduction
of non-minimal couplings of the field to the spacetime curvature. This holds in particular for
a symmetric second-rank spin-2 field [2–4]. Such field, however, shows consistency problems
when coupled to gravitation [5]. One of these problems is that the gravitationally coupled field
equation is no longer gauge invariant, and the spurious degrees of freedom cannot be removed.
On the other hand, a symmetric second-rank tensor is not the only way to represent a
spin-2 field. In fact, it can also be represented by a 1-form assuming values in the translation
group [6]. This doubly representation is related to the fact that gravitation has, in addition
to the usual metric formulation, also a tetrad formulation. Accordingly, whereas a symmetric
second-rank field would be a field conceptually similar to a metric perturbation, a 1-form
assuming values in the translation group would be conceptually similar to a perturbation of
the tetrad. Of course, both variables represent the very same spin-2 field.
With these points in mind, the purpose of this paper is to make an analysis of the field
equations representing a fundamental massless, traceless spin-2 field. First, we are going to
obtain the conformal invariant equations for both a symmetric second-rank field and for a
1-form assuming values in the translation group. This will be done by making use of a new
method of obtaining conformal invariant equations, which is based on the Casimir operator of
the de Sitter group. Then, a study of the gauge and conformal invariance of these equations
will be performed. The basic conclusion is that, only when the spin-2 field is interpreted as a
1-form assuming values in the Lie algebra of the translation group, the ensuing field equation is
both conformal and gauge invariant. This result suggests that, instead of a symmetric second-
rank tensor, a fundamental spin-2 field should be represented by a translational-valued 1-form,
a result that is in consonnance with the principles of teleparallel gravity [6].
2 Field equations in Minkowski spacetime
In Minkowski spacetime, the field equations for any field belonging to an irreducible represen-
tation of the Poincare´ group can be obtained from the first Casimir invariant of the Poincare´
1
group,∗
CˆP = η
µν PˆµPˆν , (1)
where Pˆµ = ∂µ. Considering that the eigenvalues CP of the Casimir operator CˆP are given by
CP = −m
2, (2)
with m the mass of the field, we see that a general tensorial field Ψµ1...µs of spin s satisfies the
equation
CˆPΨµ1...µs = −m
2Ψµ1...µs . (3)
From now on our interest will be concentrated only on massless, traceless fields. Accordingly,
instead of considering the spin s, we are going to consider the modulus of the helicity σ = |σ|
of the fields. Recall that the spin of a given representation (A,B) of the Lorentz group is
defined by
s = A+B,
whereas the helicity is [7]
σ = ±|B −A|.
A crucial point of the Casimir approach is that it gives rise to field equations already in
the Lorenz gauge. In order to obtain the equations without any gauge choice, it is necessary
to re-introduce the Lorenz gauge into the field equations. This can be done by adding to them
a gauge term of the form ∂µσ∂
ρΨµ1...µσρ, in such a way that they read
CˆPΨµ1...µσ + a ∂µσ∂
ρΨµ1...µσ−1ρ = 0, (4)
where [8]
a = −
2σ
σ + 1
(5)
is a constant that depends on the helicity σ of the field. This is the field equation satisfied by
a general bosonic field of helicity σ in Minkowski spacetime.
3 The de Sitter spacetime and group
3.1 de Sitter spacetime
The de Sitter spacetime can be defined as a hyper-surface in the “host” pseudo-Euclidean space
E4,1, inclusion whose points in Cartesian coordinates χA (A,B, ... = 0, ..., 4) satisfy [9]
ηABχ
AχB = − l2,
where ηAB = (1,−1,−1,−1,−1) and l is the de Sitter length-parameter (or pseudo-radius).
It has the pseudo-orthogonal group SO(4, 1) as group of motions. The four-dimensional stere-
ographic coordinates xµ are obtained by performing a stereographic projection from the de
Sitter hyper-surface
ηµν χ
µχν − (χ4)2 = − l2 (6)
∗The Greek alphabet µ, ν, ρ, · · · = 0, 1, 2, 3 will be used to denote both spacetime and algebraic indices related
to the de Sitter group.
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into a target Minkowski spacetime. They are defined by [10]
χµ = Ωxµ and χ4 = − lΩ
(
1 + ζ2/4l2
)
, (7)
where
Ω =
1
1− ζ2/4l2
, (8)
with ζ2 the Lorentz-invariant quadratic interval ζ2 = ηµν x
µxν . In these coordinates, the de
Sitter line element ds2 = ηAB dχ
AdχB reduces to ds2 = gµν dx
µdxν , with
gµν = Ω
2 ηµν (9)
the de Sitter metric. The de Sitter spacetime, therefore, is conformally flat, with the conformal
factor given by Ω2. The Christoffel connection of the de Sitter metric (9) is [11]
Γλµν =
[
δλµδ
ρ
ν + δ
λ
νδ
ρ
µ − ηµνη
λρ
]
∂ρ (lnΩ) . (10)
The corresponding Riemann tensor components, are found to be
Rµνρσ = −
1
l2
(δµρgνσ − δ
µ
σgνρ) . (11)
The Ricci tensor and the scalar curvature are, respectively,
Rνσ = −
3
l2
gνσ and R = −
12
l2
. (12)
3.2 de Sitter transformations
In terms of the host pseudo-Euclidian coordinates χA, an infinitesimal de Sitter transformation
is defined by
δχC = 12 E
ABLˆAB χ
C , (13)
where EAB = −EBA are the transformation parameters, and
LˆAB = ηAC χ
C ∂
∂χB
− ηBC χ
C ∂
∂χA
(14)
are the de Sitter generators. In terms of the stereographic coordinates, the infinitesimal de
Sitter transformations (13) assume the form
δxµ = 12ǫ
ρσLˆρσx
µ − ǫρΠˆρx
µ, (15)
where ǫρσ = Eρσ and ǫρ = l Eρ4 are the transformation parameters,
Lˆρσ = ηρλ x
λ Pˆσ − ησλ x
λ Pˆρ (16)
are the Lorentz generators, and
Πˆρ ≡
Lˆρ4
l
= Pˆρ −
1
4l2
Kˆρ (17)
are the so-called de Sitter “translation” generators, with
Pˆρ = ∂/∂x
ρ (18)
the translation generators, and
Kˆρ =
(
2ηρν x
νxµ − ζ2δρ
µ
)
∂/∂xµ, (19)
the generators of proper conformal transformations [12].
3
4 Conformal invariant field equations
4.1 The Casimir operator approach
The de Sitter spacetime is transitive under a combination of translations and proper conformal
transformations [13]. If instead of Minkowski the spacetime representing absence of gravitation
is de Sitter, the group governing the spacetime kinematics must change from Poincare´ to de
Sitter group. Since the latter includes the proper conformal transformations, the field equa-
tions obtained from the first Casimir operator of the de Sitter group are naturally conformal
invariant. Remember that under the conformal re-scaling of the metric†
g¯µν = Ω
2 gµν , (20)
where Ω = Ω(x) is the conformal factor, a general bosonic field transforms according to [14]
Ψ¯ = Ωσ−1Ψ. (21)
The power of Ω is known as the conformal weight of the field Ψ.
Let us then obtain the conformal invariant field equation for a general massless bosonic
field Ψ with helicity σ. The first Casimir invariant of the de Sitter group is
CˆdS = −
1
2l2
ηAC ηBD JˆAB JˆCD, (22)
where JˆAB are the de Sitter generators. In stereographic coordinates, it can be written as
CˆdS = −
1
2l2
(
ηαβ ηγδ Jˆαγ Jˆβδ − 2η
αβ Jˆ4αJˆ4β
)
. (23)
These generators can be decomposed into orbital and spin parts
Jˆαγ = Lˆαγ + Sˆαγ and Jˆ4γ = l(Πˆγ + Σˆγ). (24)
The orbital generators Lˆ and Πˆ, given respectively by Eqs. (16) and (17), are the same for all
fields. The explicit form of the matrix generators Sˆ and Σˆ, on the other hand, depend on the
spin (or helicity) of the field. In terms of these generators, the Casimir operator (23) assumes
the form
CˆdS = −
1
2l2
(
Lˆ2 + Lˆ · Sˆ + Sˆ · Lˆ+ Sˆ2
)
+ Πˆ2 + Πˆ · Σˆ + Σˆ · Πˆ + Σˆ2. (25)
For particles belonging to representations on the principal series, the eigenvalues CdS of the
Casimir operator CˆdS are, in the massless case, given in terms of the helicity σ by [15]
CdS =
1
l2
[σ(σ + 1)− 2] . (26)
From the identity CˆdSΨµ1...µσ = CdSΨµ1...µσ , the massless field equation is then found to be
CˆdSΨµ1...µσ = −
R
12
[σ(σ + 1)− 2]Ψµ1...µσ , (27)
†In the specific case of a conformal transformation leading the Minkowski metric ηµν to the de Sitter met-
ric (9), the conformal factor Ω is that given by Eq. (8).
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with R the scalar curvature of the de Sitter spacetime.
Now, similarly to the Minkowski case, the Casimir operator of the de Sitter spacetime gives
rise to field equations already in the Lorenz gauge. Since the Lorenz gauge is not conformal
invariant, the field equation (27) is not conformal invariant either. As discussed in Section 2,
it is then necessary to re-introduce the Lorenz gauge into the field equation,
CˆdSΨµ1...µσ + a∇µσ∇
ρΨµ1...µσ−1ρ = −
R
12
[σ(σ + 1)− 2]Ψµ1...µσ , (28)
with a given by Eq. (5), and ∇ρ the covariant derivative in the Christoffel connection of the
de Sitter spacetime. This is the conformal invariant field equation in de Sitter spacetime.
Considering that it is covariant, if it is true in de Sitter spacetime, it will be true in any
pseudo-Riemannian spacetime with non-constant curvature.
4.2 The scalar field as an example
As an illustration of the approach, we are going to obtain the well-known conformal invariant
equation for the scalar field φ, for which Sˆφ = 0 and Σˆφ = 0. In this case, the Casimir operator
(25) reduces to
CˆdS ≡ −
1
2l2
Lˆ2 + Πˆ2 = Ω−2ηαβ∂α∂β +
1
l2
Ω−1xα∂α, (29)
with Ω the conformal factor (8). As a simple inspection shows, it can be rewritten in the form
CˆdS = g
αβ∇α∇β ≡ , (30)
with ∇α the covariant derivative in the Christoffel connection of the de Sitter metric, and 
the corresponding Laplace-Beltrami operator for a scalar field. For σ = 0, therefore, the field
equation (28) for φ is found to be
φ−
R
6
φ = 0, (31)
with R the scalar curvature of the de Sitter spacetime. Although obtained in de Sitter space-
time, since it is invariant under general coordinate transformations, it will be true in any
pseudo-Riemannian spacetime with non-constant curvature. In fact, as is well known, it rep-
resents the conformal invariant equation for a scalar field [14].
5 Spin-2 conformal invariant field equation
5.1 The spin-2 Casimir operator
The dynamics of a fundamental spin-2 field in Minkowski spacetime is expected to coincide
with the dynamics of a linear perturbation of the metric ψµν around flat spacetime:
gµν = ηµν + ψµν . (32)
For this reason, a fundamental spin-2 field is usually assumed to be described by a symmetric,
second-rank tensor ψµν = ψνµ. Let us then obtain the Casimir operator for a symmetric,
second-rank spin-2 field ψµν . It is written as
(Cˆds)
µν
αβ = −
1
2l2
ηABηCD(JˆAC)
µν
ρσ (JBD)
ρσ
αβ, (33)
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where generators with four indices are the spin-2 generators. These generators can be decom-
posed into orbital and spin parts,
(JˆAB)
µν
ρσ = (LˆAB)
µν
ρσ + (SˆAB)
µν
ρσ . (34)
The orbital generator is the same for all fields, and is given by
(LˆAB)
µν
ρσ = (LˆAB)δ
µ
ρ δ
ν
σ. (35)
The spin generators, on the other hand, are obtained by summing two spin-1 representations,
one for each index of ψµν ,
(SˆAB)
µν
ρσ = (SˆAB)
µ
ρ δ
ν
σ + (SˆAB)
ν
σ δ
µ
ρ , (36)
where the generators with two indices are the spin-1 generators. In terms of these generators,
the Casimir operator (33) assumes the form
(Cˆds)
µν
αβ = −
1
2l2
ηABηCD
[
(LˆAC)(LˆBD)δ
µ
αδ
ν
β + (LˆAC)(SˆBD)
µ
α δ
ν
β + (LˆAC)(SˆBD)
ν
β δ
µ
α
+2(SˆAC)
µ
α(LˆBD)δ
ν
β + 2(SˆAC)
ν
β(LˆBD)δ
µ
α + (SˆAC)
ν
γ(SˆBD)
γ
β δ
µ
α
+(SˆAC)
µ
γ (SˆBD)
γ
α δ
ν
β + 2(SˆAC)
µ
α(SˆBD)
ν
β
]
. (37)
All terms in the right-hand side that involves an orbital generator LˆAC will contribute to the
Laplace-Beltrami operator. On the other hand, terms involving two spin generators SˆAC will
contribute with a non-minimal coupling between the field and the spacetime curvature. More
specifically, those bearing one Kronecker delta will contribute with terms involving the Ricci
tensor. Since the last term does not involve any Kronecker delta, it can only contribute with
a term involving the scalar curvature.
5.2 Matrix representation of the conformal transformation
Before proceeding further, it is necessary to obtain the matrix representation of the proper
conformal transformation. This can be done from the vanishing of the Lie derivative along the
de Sitter Killing vectors,
(LXg)αβ = X
γ∂γgαβ + ∂αX
γgγβ + ∂βX
γgγα = 0, (38)
where gαβ is the de Sitter metric. In this expression, X
γ is either the Lorentz Killing vector
Lγ ≡ ǫαβLγαβ = ǫ
αβ
(
ηαδx
δδγβ − ηβδx
δδγα
)
, (39)
or the de Sitter “translation” Killing vector
Πγ ≡ ǫαΠγα = ǫ
α
[
δγα −
1
4l2
(2ηαδx
δxγ − ζ2δγα)
]
, (40)
with ǫαβ = −ǫβα and ǫα the ten parameters of the de Sitter group. They satisfy the algebra
[
Lˆαβ, Lˆγδ
]
= ηβγLˆαδ + ηαδLˆβγ − ηβδLˆαγ − ηαγLˆβδ (41)[
Πˆα, Lˆγδ
]
= ηαγ Πˆδ − ηαδ Πˆγ (42)
[
Πˆα, Πˆγ
]
=
1
l2
Lˆαγ , (43)
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where
Lˆαβ ≡ L
γ
αβ∂γ = ηαδx
δ∂β − ηβδx
δ∂α (44)
and
Πˆα ≡ Π
γ
α∂γ = ∂α −
1
4l2
(2ηαδx
δxγ − ζ2δγα)∂γ . (45)
In order to obtain the matrix representations appropriate for a vector field ψµ, it is necessary
to compute the Lie derivative of the field along the direction of the de Sitter Killing vectors.
These derivatives are given by
δLψµ ≡ (LLψ)µ = ǫ
αβLγαβ∂γψµ + ǫ
αβ∂µL
γ
αβψγ (46)
and
δΠψµ ≡ (LΠψ)µ = ǫ
αΠγα∂γψµ + ǫ
α∂µΠ
γ
αψγ . (47)
The first term on the right-hand side of these two equations represent the action of the orbital
generators. The last term, on the other hand, represent the action of the spin matrix generators.
From these terms, therefore, we get the matrix representations
(Sˆαβ)µ
γψγ ≡ ∂µL
γ
αβψγ = (ηαµδβ
γ − ηβµδα
γ)ψγ (48)
and
(Σˆα)µ
γψγ ≡ ∂µΠ
γ
αψγ =
1
2l2
(ηµβx
βδα
γ − ηαµx
γ − ηαβx
βδµ
γ)ψγ . (49)
Equation (48) is the usual spin-1 matrix representation of the Lorentz group. Equation (49) is
the required matrix representation of the proper conformal transformations. It is interesting
to remark that, whereas ordinary translations do not have a matrix representation, the proper
conformal transformations do have it.
5.3 Conformal invariant field equation
Using the representations (44, 45, 48, 49), through a lengthy but straightforward calculation,
Eq. (37) reduces to
(Cˆds)
αβ
µν =  δ
α
(µδ
β
ν) − 2R
α
(µδ
β
ν) −
1
6
Rδα(µ δ
β
ν) +
2
3
Rµν g
αβ , (50)
with the parentheses indicating symmetrization with a factor 1/2. Now, the symmetric second-
rank potential ψµν describes waves with helicity σ = ±2. Its conformal transformation is
consequently
ψ¯µν = Ωψµν . (51)
For a traceless field, ψ ≡ ψαα = 0, it is an easy task to verify that the field equation (28) with
σ = 2 yields in this case
ψµν −
4
3
∇(µ∇
αψ|α|ν) − 2R
α
(µ ψ|α|ν) +
1
6
Rψµν = 0, (52)
where the vertical bars indicate that the enclosed index is not included in the symmetrization.
Using the identity
[∇(µ,∇
α]ψ|α|ν) = −R
α
(µψ|α|ν) +R
α
(µ
γ
ν) ψαγ , (53)
it can be rewritten in the form
ψµν −
4
3
∇α∇(µψ|α|ν) −
2
3
Rα(µψ|α|ν) −
4
3
Rαµ
γ
ν ψαγ +
1
6
Rψµν = 0. (54)
This is the conformal invariant field equation for a symmetric second-rank tensor ψµν [4, 8].
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6 Consistency problems, and a possible solution
Although conformal invariant, the field equation (54) has consistency problems. In fact, it is
not invariant under the transformations
ψµν → ψµν −∇µεν −∇νεµ, (55)
usually called gauge transformations. As a consequence, even with the non-minimal coupling
of the field to the curvature, it is not possible to remove all spurious components of the field,
and it turns out to involve more components than necessary to describe a massless field. On
the other hand, as discussed in the introduction, a symmetric second-rank tensor is not the
only way to represent a spin 2 field: it can also be represented by a 1-form assuming values in
the Lie algebra of the translation group
ψν = ψ
a
ν Pa, (56)
with Pa = ∂a the translation generators. This second possibility is related to the existence of
the tetrad representation of gravity: whereas ψµν is conceptually similar to a perturbation of
the metric, ψaν is conceptually similar to a perturbation of the tetrad,
haν = e
a
ν + ψ
a
ν , (57)
with eaν a trivial tetrad representing the Minkowski spacetime. Of course, in the same way
the metric and the tetrad are equivalent ways of representing the gravitational field, ψµν and
ψaν are also equivalent (but different) ways of representing a fundamental spin-2 field. As a
matter of fact, it is related to the teleparallel approach to a spin-2 field, according to which
gravitation is also represented by a translational-valued gauge potential [16].
Let us then use the Casimir approach to obtain the conformal invariant equation for ψaν .
As it is ultimately a (translational-valued) vector field, it is invariant under a conformal trans-
formation:
ψ¯aν = ψ
a
ν . (58)
Using the kinematic generators (16) and (17), as well as the vector matrix generators (48) and
(49), the Casimir operator (25) for this specific case is found to be
(CˆdS)µ
ν = Ω−2ηαβ∂α∂βδµ
ν +
Ω−1
l2
(xν∂µ − ηµλη
νρxλ∂ρ) +
Ω−1
l2
δµ
ν −
1
2l4
ηµλx
λxν , (59)
with Ω the conformal factor (8). In terms of the Laplace-Beltrami operator acting on ψν , it
assumes the form
(CˆdS)µ
νψν = ψµ −Rµ
ν ψν , (60)
where Rµ
ν is the Ricci curvature tensor obtained from (11). Substituting the identity
Rµ
ν ψν = [∇
ν ,∇µ]ψν , (61)
it becomes
(CˆdS)µ
νψaν = ψ
a
µ −∇
ν∇µψ
a
ν +∇µ∇
νψaν , (62)
where we have re-introduced the algebraic index of ψaν . Using this Casimir operator, the field
equation (28) with σ = 1 yields
ψaµ −∇
ν∇µψ
a
ν = 0. (63)
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This is the conformal invariant field equation for the translational-valued vector field ψaν . In
addition to be conformal invariant, it is also invariant under the gauge transformations
ψaν → ψ
a
ν − ∂νε
a. (64)
The gauge invariance, together with the invariance under local Lorentz transformation, render
the theory fully consistent.
The field equation (63) is written in the class of frames in which no inertial effects are
present.‡ Since these effects are represented by a Lorentz connection, which we denote
•
Aabµ,
in that specific class of frames such connection vanishes. For this reason, the field equation
(63) is not manifestly local Lorentz invariant. To rewrite it in a manifestly Lorentz invariant
form, it is necessary to perform a local Lorentz transformation
ψ′aν → Λ
a
b(x)ψ
b
ν . (65)
In this case, the field equation assumes the form
•
ψaµ −
•
∇ν
•
∇µψ
a
ν = 0, (66)
where
•
∇µψ
a
ν = ∇µψ
a
ν +
•
Aabµ ψ
b
ν (67)
is a covariant derivative that includes a term in the purely inertial connection [6]
•
A
a
bµ = Λ
a
c(x) ∂µΛb
c(x). (68)
In this form its local Lorentz invariance becomes manifest. The gauge transformations that
leave the field equation (66) invariant are now given by
ψaν → ψ
a
ν − (∂νε
a +
•
A
a
bν ε
b). (69)
Since the inertial Lorentz connection (68) is invariant under a conformal rescaling of the metric,
the local Lorentz invariant field equation (66) preserves the conformal invariance of the original
equation (63).
One may wonder why the theory for ψµν results inconsistent, whereas the theory for ψ
a
ν
turns out to be consistent. The reason is related to the different nature of the indices: whereas
a spacetime index has to do with gravitation, the translational algebraic index has to do with
inertial effects of the frame only, not with gravitation. As a consequence, the gravitational
coupling prescription will be different in each case: whereas the coupling prescription of ψµν
includes a gravitational connection term for each index of the field, the coupling prescription
of ψaν includes a gravitational connection term for the spacetime index, and a purely inertial
connection term for the algebraic (or gauge) index. This difference between the two cases is
responsible for rendering the theory, inconsistent in one case, but consistent in the other case.
One should not be surprised with the limitation of the metric-related spin-2 field ψµν in
describing a fundamental spin-2 field. Remember that, although the gravitational interaction of
‡In the context of teleparallel gravity, where inertia and gravitation are represented by different connections,
this class of frames can be easily defined. It is actually the class that reduces to the inertial class of frames in
absence of gravitation [16].
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tensor fields can be dealt with the metric formulation of gravity, the gravitational interaction of
spinor fields requires a tetrad formalism [17]. The tetrad formulation can then be considered
more fundamental than the metric formulation in the sense that it is able to describe the
gravitational interaction of both tensor and spinor fields. Analogously, the tetrad-related spin-
2 field ψaν can also be considered more fundamental than ψµν .
7 Conclusions
Minkowski is a homogeneous space, transitive under spacetime translations, whose kinematics
is ruled by the Poincare´ group. The first Casimir operator of the Poincare´ group yields the
d’Alembertian operator in Minkowski spacetime. When equaled to its eigenvalue, it gives the
flat spacetime Klein-Gordon equation satisfied by a scalar field. The de Sitter spacetime is also
a homogeneous space, but transitive under a combination of translations and proper conformal
transformations. The replacement of Minkowski by de Sitter, therefore, naturally introduces
the conformal transformations in the spacetime kinematics. Owing to this property, the first
Casimir operator of the de Sitter group gives rise to conformal invariant field equations, not
only for the scalar field, but for any massless spin-s field. One has just to use the appropriate
representations for each field. Since these equations are covariant and true in de Sitter, they
will also be true in any spacetime with non-constant curvature. This procedure constitutes a
new, constructive method of obtaining conformal invariant field equations.
Using this approach, we have obtained the conformal invariant equation for a symmetric
second-rank tensor ψµν , given by the field equation (54). Although conformal invariant, how-
ever, that field equation still has the same consistency problems present in its non-conformal
invariant version. In fact, it remains not gauge invariant, and consequently involves more inde-
pendent components than necessary to describe a massless field. The addition of non-minimal
coupling terms of the field to the curvature, necessary to implemented the conformal invari-
ance, do not cure the gauge invariance problem [18]. On the other hand, a spin-2 field can
also be represented by a 1-form assuming values in the Lie algebra of the translation group:
ψν = ψ
a
νPa. This possibility is related to the existence of the tetrad formulation of gravity:
whereas ψµν is conceptually similar to a perturbation of the metric, ψ
a
ν is conceptually simi-
lar to a perturbation of the tetrad. Of course, in the same way the metric and the tetrad are
equivalent ways of representing the gravitational field, ψµν and ψ
a
ν are also equivalent (but
different) ways of representing a fundamental spin-2 field. Using again the Casimir operator
approach, we have obtained the conformal invariant equation for the translational-valued 1-
form ψaν , whose manifestly local Lorentz invariant form is given by the field equation (66).
In addition to be conformal invariant, it is also gauge invariant and consequently fully con-
sistent. These results suggest that a spin-2 field should be interpreted, not as a symmetric
second-rank tensor, but as a translational-valued vector field — a conclusion consistent with
the basic principles of teleparallel gravity, a gauge theory for the translation group.
We remark finally that the interpretation of a spin-2 field as a translational-valued vector
field finds support in the theory of Lorentz representations. Usually, relying on general rela-
tivity, the excitation 2-form of a spin-2 field is assumed to be a curvature-like tensor Rαβµν .
Since this field excitation belongs to the representation
(2, 0) ⊕ (0, 2)
of the Lorentz group, it describes spin-2 waves with helicity σ = ±2. On the other hand,
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relying on the Fierz-Pauli approach to a fundamental spin-2 field [19] — or equivalently, on
teleparallel gravity — the excitation 2-form of a spin-2 field can alternatively be assumed to
be a Fierz-like tensor Fa
µν [20], a field belonging to the representation
(3/2, 1/2) ⊕ (1/2, 3/2)
of the Lorentz group [21], which describes spin-2 waves with helicity σ = ±1.§ Although not
usually considered in the study of spin-2 fields, the field equation governing the dynamics of
such waves does not present the consistency problems of the (2, 0) ⊕ (0, 2) case.
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